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Abstract

We study reinforcement learning for infinite-
horizon discounted linear kernel MDPs, where
the transition probability function is linear in
a predefined feature mapping. Existing UCLK
(Zhou et al., 2021b) algorithm for this setting
only has a regret guarantee, which cannot lead
to a tight sample complexity bound. In this pa-
per, we extend uniform-PAC sample complexity
from the episodic setting to the infinite-horizon
discounted setting, and propose a novel algo-
rithm dubbed UPAC-UCLK that achieves an
O(d*/((1 —~)*€®) +1/((1 — 7)%?)) uniform-
PAC sample complexity, where d is the dimen-
sion of the feature mapping, v € (0,1) is the
discount factor of the MDP and ¢ is the accuracy
parameter. To the best of our knowledge, this is
the first O(1/€?) sample complexity bound for
learning infinite-horizon discounted MDPs with
linear function approximation (without access to
the generative model).

1. Introduction

In reinforcement learning (RL), the central goal is to de-
sign an efficient algorithm to learn the optimal (or near-
optimal) policy through repeated interactions between the
agent and an unknown environment. Markov decision pro-
cesses (MDPs) are typical models that describe the envi-
ronment formally. An MDP is described by a tuple of
action space, state space, reward function and transition
probability function. Based on the planning horizon and
the transition probability kernel, MDPs can be categorized
into three different types: (1) episodic MDPs (Azar et al.,
2017; Dann et al., 2017; Jin et al., 2018; 2020; Ayoub et al.,
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2020; Zhou et al., 2021a; Zhang et al., 2020a; Zanette et al.,
2020; He et al., 2021b), (2) infinite-horizon average reward
MDPs (Jaksch et al., 2010; Bartlett & Tewari, 2012; Ouyang
et al., 2017; Agrawal & Jia, 2017; Fruit et al., 2018b;a;
Talebi & Maillard, 2018; Zhang & Ji, 2019; Fruit et al.,
2020; Ortner, 2020; Wei et al., 2021; Wu et al., 2022), and
(3) infinite-horizon discounted MDPs (Kakade et al., 2003;
Strehl et al., 2006; Dong et al., 2019; Zhang et al., 2020b;
Szita & Szepesvari, 2010; Lattimore & Hutter, 2012; Liu
& Su, 2020; He et al., 2021a; Zhou et al., 2021a;b). The
theoretical studies of infinite-horizon discounted MDPs are
still quite limited, compared with the other two types of
MDPs. Without the restart process in episodic MDPs, or
the bounded diameter condition in infinite-horizon average
reward MDPs (Jaksch et al., 2010), the infinite-horizon dis-
counted MDP poses a great challenge for both algorithm
design and theoretical analysis.

Existing results for discounted MDPs mainly focus on the
tabular setting, where the agent can access each state-action
pair (s, a) and estimate the corresponding value functions in-
dividually. Without the help of a generative model (Kakade
et al., 2003) that allows the agent to visit all state-action
pairs (s, a), Lattimore & Hutter (2012); Dong et al. (2019);
Zhang et al. (2020b) and Liu & Su (2020); He et al. (2021a)
showed that it is still possible to obtain a polynomial sample
complexity or O(+/T)-regret for discounted tabular MDPs.

However, these tabular RL algorithms are computationally
inefficient when the sizes of action and state spaces are
large. A common approach to deal with high-dimensional
(or even infinite) state space and action space is to use cer-
tain function classes, such as linear function class and neural
networks, to approximate the transition probability kernel
or the value function (Jin et al., 2020; Ayoub et al., 2020).
For discounted MDPs, Zhou et al. (2021b) studied a lin-
ear kernel MDP, where the transition probability kernel can
be represented by a linear function in some known fea-
ture mapping, and proposed the UCLK algorithm with an
O(V/T)-regret guarantee. Unfortunately, unlike episodic
MDPs initialized at the same state for different episodes, the
regret guarantee cannot imply a finite sample complexity
bound for discounted MDPs. Therefore, UCLK can fail to
learn the e-optimal policy, even though its regret is sublinear.
Thus, a natural question arises:
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Can we design provably efficient algorithms with
polynomial sample complexity for discounted MDPs with
linear function approximation?

In this paper, we answer this question affirmatively by
presenting a variant of the UCLK algorithm (Zhou et al.,
2021b), namely UPAC-UCLK, and prove that this algorithm
has a near-optimal sample complexity. In fact, our algorithm
enjoys a stronger notion of sample complexity guarantee
than the standard PAC sample complexity, which is called
uniform-PAC sample complexity Dann et al. (2017). As
discussed in Dann et al. (2017), the uniform-PAC guarantee
is stronger than both PAC sample complexity and regret,
and can further guarantee the convergence to the optimal
policy up to an arbitrarily small error.

Our contributions are summarized as follows:

e We adapt the multi-level scheme from He et al. (2021b)
to the UCLK algorithm (Zhou et al., 2021b), and pro-
pose a novel algorithm UPAC-UCLK for discounted
linear kernel MDPs. Compared with the original multi-
level scheme, we propose a novel discounted data in-
heritance technique, which adds a discounted portion
of data at each level to the subsequent level. With
this technique, newly added levels are non-empty at
initialization due to data inheritance, and high levels
contain low data information due to data discounting.
This technique provides crucial guarantees for our al-
gorithm, allowing us to uniformly bound the sample
complexity.

* We show that our algorithm satisfies the uniform-
PAC guarantee with sample complexity O (d?/((1 —
v)*€?) +1/((1 — 7)%¢?)), where d is the dimension
of the feature mapping, v € (0, 1) is the discount fac-
tor of the MDP and e is the accuracy parameter. This
result immediately implies a high probability regret
bound O(dvV'T /(1 —~)% +T/(1 —~)?), where T is
the number of interactions with the environment. The
regret bound matches that of UCLK algorithm (Zhou
etal., 2021b) up to a logarithmic factor, after ignoring
the extra O(VT'/(1 — 7)*) term in the regret. To the
best of our knowledge, UPAC-UCLK is the first algo-
rithm for infinite-horizon discounted RL with linear
function approximation that enjoys a (uniform) sample
complexity guarantee.

The remaining of this paper is organized as follows. Sec-
tion 2 reviews the mostly related work. Section 3 provides
the preliminaries of MDPs and reinforcement learning. Sec-
tion 4 presents our main algorithms. Section 5 introduces
the theoretical guarantees of our algorithm, and discusses
its implications. Section 6 provides a proof outline for the
main theorem, along with several key technical lemmas.

Section 7 concludes this work with discussions on the future
work. The detailed proofs are deferred to the appendix.

Notation In this work, we use lower case letters to denote
scalars, and use lower and upper case bold face letters to
denote vectors in R? and d x d matrices respectively. For
a vector x € R%, we denote by ||x||2 the Euclidean norm.
Furthermore, for a positive-definite matrix 3 € R4%4 we
define the Mahalanobis norm of x with respect to 3 to be
Ix|ls = VxTXx. In addition, for a matrix 3 with real
eigenvalues, we denote its largest and smallest eigenvalues
by Amax () and Apin (X) respectively. For two sequences
{a,} and {b,}, we write a,, = O(b,,) if there exists an
integer subscript ng and an absolute constant C, such that
for all n > ng, a, < Cb,. We use O(-) to further hide
logarithmic factors except for the log 7" term in all uniform-
PAC guarantees.

2. Related Work

In this section, we will review the mostly related work to
our work.

2.1. Infinite-horizon Discounted MDPs

For discounted tabular MDPs, there has been a series of
work providing sample complexity guarantees without the
help of a generative model (Kakade et al., 2003). For
these results, the algorithms have access to every possi-
ble state-action pair. They can be mainly grouped into
two categories: model-free algorithms and model-based
algorithms. For model-free algorithms, the value func-
tion for each state-action pair is directly estimated. For
instance, Strehl et al. (20006) first proposed the delayed
Q-learning algorithm with polynomial sample complexity
guarantee. Later, Dong et al. (2019) improved the sam-
ple complexity to O(SA/((1 —~)"€2)) by proposing an
infinite Q-learning with UCB algorithm, where S is the
number of states and A is the number of actions. Recently,
Zhang et al. (2020b) proposed the UCB-multistage-adv al-
gorithm, which obtains a near-optimal sample complex-
ity O(SA/((1 — v)3€?)) that matches the theoretical lower
bound. Model-based algorithms, on the other hand, estimate
the underlining environment or the transition probability
kernel and compute the value function from the estimated
environment. For instance, Szita & Szepesviri (2010) intro-
duced the MoRmax algorithm with O(SA/((1 — ~)%?))
sample complexity. Later, Lattimore & Hutter (2012) pro-
posed the UCRL-y algorithm and improved the sample com-
plexity to O(SA/((1 — 7)3€?)), under a strong assumption
on the transition probability kernel. Our work also falls into
the category of model-based algorithms, and considers the
sample complexity as the performance measure.

Recently, Liu & Su (2020) extended the definition of re-
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gret from episodic MDPs to the discounted MDPs, and
named it y-regret. Under this notion of regret, Liu & Su
(2020) proposed the Double Q-Learning algorithm with an
O(VSAT /(1 — )?) regret guarantee for the first T steps.
Later, He et al. (2021a) introduced the UCBVI-y algorithm
and improved the regret bound to O(vV SAT/(1 — )®).
Additionally, He et al. (2021a) proved there exists a class
of hard-to-learn discounted MDPs such that the regret for
any algorithm is lower bounded by Q(v/SAT /(1 — ~)®).
This matches the regret upper bound of UCBVI-y algorithm
up to a logarithmic factor.

In an attempt to design algorithms that can learn efficiently
when the state and action spaces are high-dimensional or
even infinite, Zhou et al. (2021b) focused on discounted
MDPs with linear function approximation, and proposed
the UCLK algorithm with a O (d\/T /(1 —~)?) regret guar-
antee, where d is the dimension of feature mapping. Later,
Zhou et al. (2021a) introduced the Bernstein-type bonus and
improved the regret bound to O (dv/T /(1 — ~)*°) in their
new UCLK™ algorithm, which matches the regret lower
bound proved in Zhou et al. (2021b) up to a logarithmic
factor. However, both UCLK and UCLK™ only have regret
guarantees, and cannot provide any sample complexity guar-
antees. To the best of our knowledge, our UPAC-UCLK
algorithm gives the first sample complexity guarantee for
learning discounted MDPs with linear function approxima-
tion.

2.2. Uniform-PAC Guarantees in RL

Traditional analysis on reinforcement learning mainly fo-
cuses on the regret in the first 7" steps or the sample complex-
ity with respect to a specific accuracy parameter €. Unfortu-
nately, both of these performance measures fail to guarantee
the convergence to optimal policy. To overcome this prob-
lem, Dann et al. (2017) first introduced a stronger perfor-
mance guarantee named uniform-PAC for episodic MDPs.
Different from traditional sample complexity guarantee,
uniform-PAC requires bounding the sample complexity at
all accuracy parameters e simultaneously, and thus guaran-
tees that the number of steps with suboptimality larger than
€ is finite. Under this stronger performance measure, Dann
et al. (2017) proposed the UBEV algorithm and obtained an
O(SAH*/€%) uniform-PAC guarantee, which implies that
the UBEV algorithm converges to the optimal policy. Here,
H is the length of each episode. Later, He et al. (2021b) fo-
cused on episodic MDPs with linear function approximation
and proposed the FLUTE algorithm. By introducing a mini-
max value function estimator and a multi-level scheme, the
FLUTE algorithm obtains an O(d3H?® /€?) uniform-PAC
guarantee for episodic linear MDPs (Jin et al., 2020). Our
algorithm UPAC-UCLK also satisfies the stronger uniform-
PAC guarantee, under the setting of discounted MDPs with
linear function approximation.

3. Preliminaries

In this work, we consider the infinite-horizon dis-
counted Markov decision processes (MDPs), denoted by
M(S, A,~,r,P). In this tuple, S, A are the spaces of states
and actions respectively; v € (0,1) is the discount fac-
tor; r(+,-) : S x A — [0, 1] is the reward function, which
we assume to be deterministic and known to the agent;
P(-|-,-) : Sx AxS — R™ is the transition probability func-
tion that satisfies the equations [, ¢ P(s'[s,a)du(s’) =1
for arbitrary s € S, a € A, here dyu is a probability measure
on S. We will abbreviate du(s) as ds henceforth.

As an agent tries to learn an MDP via interaction with the
environment, it repeats the following process: it takes an
action a € A based on the current state s, then receives
the next state s’ € S with the reward r. We can thus label
these states and actions in chronological order with time
step subscripts t = 1,2,.... For the agent, its choice of
an action ay is based only on the available observations be-
fore the action, namely a tuple (s1, a1, ..., St—1,at—1, St).
Consequently, we can define the agent’s (non-stationary)
policy m on an MDP M (S, A,~v,r,P) to be m = {m } 724,
where m; @ {S x A}"! x § — A maps the tuple
(s1,a1,...,8t—1,G1—1, S¢) to an action a;. The agent’s pol-
icy m, combined with the transition probability P, give rise
to the infinite-length random process consisting of states
and actions {s;, a; }$2;.

Now consider the expected total discounted reward of a
given policy 7 after a certain point in the learning process,
a.k.a., value functions. The action-value function and the
value function for policy 7 at time step ¢ are defined as

oo
Qf(87a’) = E[Z’YT_tT(ST)aT) Sly--+ySt = S,0¢ = a:|7
T=t
‘/tﬂ(s) = E[Zryq—_tr(sTaaT) S1y...,5t = S:|,
T=t

where expectation is conditioned on the states and actions
up to time step ¢. With these in place, we can define the
optimal action-value function Q*(s,a) := sup,. Q7 (s, a)
and optimal value function V*(s) := sup, V{"(s). We
refer to the difference between the optimal value function
and the value function of policy 7 at time step t, A, =
V*(s¢) — V" (st), as the suboptimality gap . Now for any
real function defined on the state space V : S — R, we
define PV (s,a) := Ey . p(.|s,a)V (s"). With this notation,
we can now deduce and express the Bellman equations in
discounted MDPs as follows:

Qf(stvat)
Q*(Staat)

3.1)
(3.2)

(8¢5 a¢) + PV (s, a4)

=r
= r(ss, ar) + YPV* (s, ar).

We focus on linear kernel MDPs (Zhou et al., 2021b) in this
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work, which is also known as linear mixture models (Modi
et al., 2019) or linear mixture MDPs (Ayoub et al., 2020).

Definition 3.1 (Linear Kernel MDP (Zhou et al., 2021b)).
An MDP M (S, A,~,r,P) is called a linear kernel MDP if
there exists a known feature mapping ¢(-|-,-) : SXAXS —
R? and an unknown vector @ € R%,||0||2 < v/d, such that:

1. For all (s,a,s’) € § x A x S, the transition prob-
ability function can be expressed as P(s|s,a) =

(p(s']s,a),0);

2. For any bounded function V S — [0,R],
oy (s,a)ll2 < VAR holds for all (s,a) € S x A,
where oy (s,a) := [, s d(s']s,a)V(s')ds’.

We denote such an MDP by M (0; ¢) for simplicity.

From Definition 3.1, the following equation holds for any
function V : § — [0, R}:

(0%, ¢y (s,a)) =PV (s, a). (3.3)
Now we define the set of all feasible 6’s satisfying the
conditions in Definition 3.1 to be

B:= {0 eR?: |6y < V/d and (3.4)

(¢(:]s,a), ) is a probability measure on S},

which, as we will see in Lemma A.3 in the appendix, is a
convex body when constrained to an affine subspace £ of
R4

For linear kernel MDPs, Zhou et al. (2021b) proposed the
Upper-Confidence Linear Kernel (UCLK) algorithm that
achieves near-optimal regret. However, as pointed out by
Dann et al. (2017), algorithms with regret bounds do not
generally converge to the optimal policy: as long as the
regret tends to infinity as ¢ — oo, high suboptimal gaps may
occur infinitely often. To overcome this issue, Dann et al.
(2017) proposed a stronger notion of performance measure
called uniform-PAC that guarantees the convergence to the
optimal policy with high probability. We now extend it to
the discounted MDP setting.

Definition 3.2 (Uniform-PAC). For an algorithm Alg on an
MDP, denote its corresponding policy by 7. For any € > 0,
define N, = >,2 1{V*(s;) — V" (s¢) > €} to be the total
number of time steps where the suboptimality gap is greater
than e. Algorithm Alg is said to be uniform-PAC for some
§ € (0,1) with sample complexity I'(1/¢,1log(1/0)) if

P[3e > 0,N, > T'(1/e,log(1/6))] < 6,V8 € (0,1),

where I'(-,-) is a polynomial function dependent on the
MDP itself.

Remark 3.3. Definition 3.2 is slightly different from that
in Dann et al. (2017); He et al. (2021b) due to the different
definitions of N.. Specifically, Dann et al. (2017); He et al.
(2021b) focused on episodic MDPs, where the suboptimal-
ity gap Ay = Vi (s¥) — V(s}), and N, is the number
of episodes with suboptimality gap greater than e. Due
to the difference between episodic MDPs and discounted
MDPs, we define the suboptimality for each time step ¢ as
Ay = V*(st) — V™ (s¢) and define the sample complex-
ity as Ne = 3,2, 1{V*(s;) — V/"(s¢) > €}. In addi-
tion, for linear kernel MDPs, the sample complexity bound
should be expressed in the form T'(1/e,log(1/6);~,d),
where 7, d are the parameters of M (6;¢), rather than
I'(1/€,10g(1/6);7,|S], |A|) for tabular MDPs. One would
expect I' to be polynomial in 1/(1 — «) and d as well.
Though in Dann et al. (2017), uniform-PAC was defined in
the finite-horizon setting with finite state and action spaces,
the proof of its basic properties does not depend on the spe-
cific MDP model. Hence, we still have the conclusions that
uniform-PAC sample complexity bound implies both the
PAC sample complexity bound and the regret bound, and it
guarantees the convergence to the optimal policy with high
probability, as stated in Theorem 3 of Dann et al. (2017).

From now on, we assume the true 6 in the target linear
kernel MDP M (0; ¢) to be 6*.

4. Proposed Algorithms

In this section, we propose a new algorithm called UPAC-
UCLK for learning infinite-horizon discounted linear kernel
MDPs. Our algorithm UPAC-UCLK is inspired by the
UCLK algorithm (Zhou et al., 2021b). To achieve the
uniform-PAC guarantee, we incorporate the multi-level par-
tition scheme proposed in He et al. (2021b) and separate all
time steps and their corresponding data into different lev-
els. The algorithm is described in Algorithm 1. It is worth
noting that the direct application of multi-level scheme to
the infinite-horizon discounted MDPs requires maintaining
infinite number of levels. However, this is infeasible in
practice. In order to overcome this problem, we will main-
tain L “effective” levels along with extra 3L 4 Cy auxiliary
levels in Algorithm 1, which can be seen as a finite-level
approximation to the infinite number of levels.

4.1. Planning (Line 4 to 7 of Algorithm 1)

At the beginning of time step ¢, our algorithm calculates the
estimates of 8 for all available levelsl = 1,2,...,4L+Cj.
By (3.3), we have (0*, ¢y, (st,a:)) = PVi(st,ar) =
E[‘/}(st+1)|st, at] , so a natural method to estimate 6* is
using linear regression. In particular, we calculate the es-
timates by the closed-form solution of linear regression
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Algorithm 1 Uniform-PAC UCLK (UPAC-UCLK)
Require: Regularization parameter A, exploration param-
eters 5! for I = 1,2,..., number of value iteration
rounds Uy fort = 1,2, .. ..
1: Initialize Cy < 3[log (Vd/(1 —v))/log2] + 6,
L+ 0,2« )M,bl«0,1=1,2,....
Receive initial state s .
for time stept =1,2,... do
for all level [ € {1,2,...,4L + Cy} do
0"« (ZH)'bl,Cl + {6: 6 — 6|5 < B'}.
end for
{QU M Vi)  MLEVI({CY 4, 1),

AN AN R ol

8:  ay < argmax, minj<;<r, Ql(s¢,a),
9:  receive Spy1 ~ P(-|st, at).
10: lt — 1.
11:  while/; < L and
v (0,00l < 27V/d/(1 — 7) do
12: lt — lt +1
13:  end while
14:  ifl; = L + 1 then

15: forlevel | =4L+ Cy+1,...,4L 4+ Cp+ 4 do
16: B AL+ (21— AL, b« 1pit

17: end for

18: L+ L+1.

19:  end if

20: forlevell =1;,...,4L + Cy do

21: AP U + 2ltil¢vt (st,at)(bw (St, at)T,

22: bl — bl —+ 21til¢vt (St7 at)‘/;ﬁ(SH—l)-

23:  end for

24: end for

ol = (El) “'b! for each level, where 3! and b! are updated
in Lines 16, 21 and 22. In Line 5, we then construct the con-
fidence sets C! of 8* for all levels I, which are centered at 2L
with radius 8'. The Multi-Level Extended Value Iteration
Algorithm (ML-EVI), as described in the next subsection,
then calculates the estimates of value functions {Q.} and
Vi.

4.2. Multi-Level Extended Value Iteration (Algorithm 2)

The ML-EVI algorithm is described in Algorithm 2. It can
be seen as an extension of the Extended Value Iteration
algorithm (EVI, Algorithm 2 from Zhou et al. (2021b)). By
alternating between performing the greedy policy (Line 3)
and an approximate Bellman equation (Line 6), it finds an
optimistic estimate for the optimal value functions Q* (-, -)
and V*(-).

Discounted Data Inheritance. In He et al. (2021b), each
data point (i.e., a pair of regression predictor and response)
is only added to one single level. In contrast, in our setting,

Algorithm 2 Multi-Level Extended Value Iteration (ML-
EVI)
Require: Number of levels L, confidence sets C;, | =
1,..., L, number of value iteration rounds U.
QO 1/(1—)forl=1,...,L.
2: foru=1,...,U do

30 V() ¢ maxgeq ming <<, Ql(u_l)(~,a),
4. forl=1,...,Ldo
5: if BNC; # () then
Q) ()
+7 max, (0, dye-v ()
7: else
8: () = 1/(1 =)
9: end if
10:  end for
11: end for

12: V(U)(~) — max, minj<;<y, QZ(U)(-, a).
13: return {Q\Y) (-, )}, VW) (1),

the data in one level are inherited by the subsequent levels
after being discounted. Under this scheme, our estimate of
0~ at level [ at time step ¢ regresses over the set of data

{2(ZT7Z)/2(¢V¢(37'70¢T)7VT(3T+1)) TSt S l}’

which has a closed-form solution 8! = (El) 71bl with 3¢
and b' being defined as follows:

t
== A+ Y1l < 27 by (sr.an ), (srrar)

T=1

t
b = " 1{l, <132y, (57, a0) Vi (sr41).

T=1

We now explain the reasons behind this algorithm design.

As we will see in (6.5) of Section 6, in order to bound
the sample complexity, we need to control the term (V; —
Vit1)(st41): the difference on s;41 between two consecu-
tive optimistic value functions output by Algorithm 2. When
the total number of levels L is increased by 1 in Line 18
of Algorithm 1, we say a new level is activated. Without
data inheritance, newly activated levels hold a very scarce
amount of data and have large exploration radii. This im-
plies that the corresponding confidence sets are large. If
these levels were selected in the minimization operation of
Line 3 or Line 12 in Algorithm 2 at a later iteration u, it may
produce an inaccurate estimation of the value function. In
contrast, with data inheritance, newly activated levels will
have enough data to produce sufficiently small confidence
sets and this problem can be alleviated.

In addition, we need to discount the data when inheriting
data from lower levels. The main reason is that for those
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levels much higher than L, they still have large exploration
radii, so adding the undiscounted new data can result in
big changes to their confidence sets. With data discount-
ing, the addition of data to levels much higher than L is
exponentially small and therefore negligible.

With the help of discounted data inheritance, the
term (V; — Vi41)(st+1) can be roughly bounded by

O(V/év, (51,a0) T(Z) v, (s1,a,) = O(27) and

will diminish as ¢t — oo.

4.3. Execution (Line 8 to 9 in Algorithm 1)

The algorithm estimates the action-value function Q* by
taking a minimum on the upper bounds @, and chooses
the next action based on this estimate. The next state is
then generated by the environment based on the underlying
transition probability function PP.

4.4. Level Selection (Line 10 to 23 in Algorithm 1)

Since our new predictor at time step ¢ is ¢v, (s¢, at), its un-
certainty at level [ is characterized by || v, (st, at) || (xt)-1.
Based on the uncertainty, our algorithm finds the minimum
level [ at which the uncertainty exceeds the threshold value
atlevel [, i.e.,

Iy = Ilglil {llov. (st, ae)ll(ty-1 > 27Vd/(1-7)}.

If this minimum value does not exist, or in other words the
uncertainty is less than the thresholds at all effective levels
< L,l;issetto L + 1, L + L + 1, and a new effective
level is activated along with 3 other auxiliary levels. Based
on the discounted data inheritance scheme, the initialization
of these new levels has the following form

1 1
pILPEDY, 5(zl—l —AI), bl 5bl—l.

Finally, Algorithm 1 updates the variables 32, b for all levels
I > l; by adding the new data using the discounted data
inheritance scheme (Line 20 to 23).

5. Main Results

In this section, we present the theoretical guarantees for
our UPAC-UCLK algorithm. Our main result is a theo-
rem which certifies that our algorithm UPAC-UCLK has a
uniform-PAC guarantee with an efficient sample complexity
bound.

Theorem 5.1. For any linear mixture MDP, if we set A > 1

and the parameters 3! and Uy in Algorithm 1 as follows:

Uy = [log (t(t+1)) /(1 —7)],

B = %(3\/dmax{l,lo} + 24/log(1/6)) + 2Vd,

(5.1)

where [y := log (V/d/(1 — 1))/ log 2, then with probability
at least 1 — 4, for all accuracy parameter ¢ > 0, the num-
ber of time steps with suboptimality gap larger than € in
Algorithm 1 is upper bounded by

I'(1/€,log(1/8);,d)
d? +d10g(1/5))

- 1
~0(pa + e

where d is the dimension of feature mapping and +y is the
discount factor.

Remark 5.2. Similar to the main results in Zhou et al.
(2021b), our sample complexity bound does not depend
on the size of state space S or that of action space 4. This
suggests that our algorithm is applicable to MDPs with large
state and action spaces.

Corollary 5.3. Under the same conditions in Theorem 5.1,
with probability at least 1 — 4, the regret of Algorithm 1 is
bounded as follows

Regret(T):@(d+\/@ﬁ+ VT )

(1=7)? (1—n9)?

Remark 5.4. Corollary 5.3 suggests that UPAC-UCLK en-
joys an O(dvVT /(1 — )% + VT /(1 — 7)) regret. In com-
parison, the UCLK algorithm in Zhou et al. (2021b) enjoys
an O(dv/T /(1 —)?) regret. Our algorithm suffers an extra
O(T/(1 —~)3) term in the regret. This originates from a
bound on the difference between ML-EVI outputs for two
consecutive time steps, and we leave it as a future work to
remove this term.

6. Proof Sketch of the Main Results

In this section, we will present the proof sketch of the main
results. The detailed proof can be found in the appendix.

We first present several central lemmas, and then give a short
sketch outlining the proof of Theorem 5.1. For the ease of
presentation, we introduce new notations for the variables
in Algorithm 1: denote the variables L, ! bl ' and Cl
after Line 6 of time step ¢ by L, ¢, bl, @t and C/.

For simplicity, we define k! := Zt;:ll 1{l, < 1}2'~! for
t > 1and! > 0, which represents the total amount of data
in level [ at time step t. With this notation, we have the
following lemma upper bounding this value:
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Lemma 6.1. Let [y := log (v/d/(1 — 7))/ log 2. Consider
Kl = im0 k‘i For each level 1 < [ < [y, we have

Kl . < 20dlo, while for I > lo, kL. < 20dl4! o,

max —

Lemma 6.1 is parallel to Lemma A.1 from He et al. (2021b).
It suggests that the amount of data in level [ is finite
with an upper bound exponential in [. Note that when [
reaches beyond [y, the threshold value at level [ namely
2~10+/d/(1 — ~) shrinks to below constant 1, which is con-
sidered the beginning of “useful” levels in our analysis.

Lemma 6.2. For the factor 3 defined in (5.1), with proba-
bility at least 1 — §/2, for all steps ¢ and levels I, we have

6% — 6}l < B'/2.

Lemma 6.2 suggests that with the given factor 3!, the true
vector 6* lies within halved confidence sets in each level
and time step. Here the radii of our confidence sets are set to
be twice as large as normally defined. This is to ensure that
07 stays relatively close to the center of the confidence sets,
and will enable our later bounds concerning the difference
between confidence sets. For simplicity, we denote the event
in Lemma 6.2 as &;.

Lemma 6.3. Under &1, for all ¢, and (s,a) € S x A, we
have

4%;2@@@2@%#%

6.1)

Lemma 6.3 suggests that the results of Algorithm 2 are
upper bounds of the optimal value functions * and V'*.

Lemma 6.4. Under &1, for all ¢ and [, there exists a certain
0! € C! N B, so that

Qi(stv at) S T(St7 at) + ’7<0i7 ¢Vf (Sta at)> + ’YUt' (62)

Lemma 6.4 characterizes the transition error of Algorithm 2.
Inequality (6.2) is an approximate version of the Bellman
equation (3.2), and suggests that in order to reach an error of
O(1/¢), a number of iteration rounds of order O(log(1/¢))
is needed.

We are now ready to begin our proof. Our analysis of sam-
ple complexity follows a similar road map as in Lemma 1 of
Dong et al. (2019). We take the summation of large subopti-
mality over all time steps, which is trivially lower bounded,
and then upper bound the sum with similar methods as in
the proof of Theorem 1 of Zhou et al. (2021b). This yields
an inequality centered around the sample complexity, which
leads to the eventual conclusion.

Proof sketch of Theorem 5.1. In order to bound the sample
complexity Ne = Y72 1{V*(s;)— V" (s¢) > €}, consider
the set

/_TE = {t . V*(St) — Vf(st) > 6},

we instantly have

eNe < > (V*(st) = Vi (s1)).-

teT.

6.3)

We then bound the right hand side of (6.3). By (6.1) from
Lemma 6.3, the suboptimality gap V*(s¢) — V" (s:) is upper
bounded by V;(s;) — Vi (s¢). Using (6.2) from Lemma 6.4
and the policy Bellman equation (3.1), we can decompose
the suboptimality and eventually obtain

(Vi = Vi")(s¢) < T(t) +vA) + (Ve = Vig1)(se41)
+Y(Vir1r — V51 (5e41), (6.4)
where

D(t) = 1/(t(t +1)) +3- 20 eyl
A(t) =P(V; = V) (stya) — (Ve = Viig) (8641)-

By iterating (6.4) for 7" rounds, we can bound the subopti-
mality gap by

T
(V* — V) (s1) < 11 St A+ B+ G (69)
where
t+T—1
A=) (r),
T=t
t+T—1
By = Z ATTIA(T),
T=t
t+T—1
Ct = Z ’YT_H_l(VT - VT+1)(ST+1)-
T=t

However, when the level [; is small, the bound above is
too large; in fact, it could go much larger than the trivial
bound 1/(1 — ). We thus define the condition Q; = {I, >
lo,Vt < 7 < t+ T}, and separate the right hand side of
(6.3) into two parts accordingly:

> (V*(se) = Vi (s1))

teT.

<> 1{Q}

teTe

T
v
+§1{Qt}(l_v+At+Bt+Ct>-

1
1—7
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Since Q; is false only for a small amount of ¢, the first
term on the right hand side here is easy to bound. We then
seek to bound the sums >, . 1{Q;}As, >, o, 1{Q:} By
and ), 1{Q;}C; separately. For the sum of A, the
individual terms are already explicit expressions. For By,
we view A(t) as a martingale sequence and use the Azuma-
Hoeffding inequality for a bound that holds with probability
at least 1 — 6/2. Bounding the sum of C} is the hardest and
most novel section of our result.

The term C; comes down to the difference between ML-EVI
outputs at two consecutive time steps. Unlike the regret anal-
ysis for the UCLK algorithm (Zhou et al., 2021b), where one
can trivially bound the sum of the difference by 1/(1 — ),
we introduce a novel method that decomposes the difference
and expresses it with terms representing changes in confi-
dence ellipsoids. The effectiveness of this bound relies on
the discounted data inheritance scheme we proposed earlier
in Section 4.2.

‘We backtrack the extended value iteration for this bound.
Denote the variables Ql(u) and V(™ in the run of Algo-

rithm 2 at time step ¢ as Ql(f:) and V). Next define
D, = max,cs (Vt(Uﬁu) - Vtg_Uf“_u)) (s). By expanding
the value functions according to the iteration rules (spec-

ified in Lines 3 and 6 of Algorithm 2), we can prove the
inequality

Dy-1 < 7Dy +ymax (I%ax<917 pv) — max (6, ov)),
(6.6)

where 0; takes the maximum in C;N1, and 05 from C} ; NB.
We can iterate (6.6) with respect to u, and the problem boils
down to bounding the difference between confidence sets.

Suppose 0; := argmaxg (61, ¢y ). For the maximum
concerning 05 in (6.6), we need to find a suitable 52 that
can be used to lower bound maxg, (62, ¢) while being
comparable to 51. Starting from 6*, we go in the di-
rection of @; until we reach the boundaries of Ci..NB
and name our ending point 0~2. In other words, consider
Mmax = sup{u : 0* + u(0~1 —0) € C,{_H N B}, and let
52 = 0* + Mmax(§1 — 0*). We have

H}q&X<917 ov) — HbaX<927 ov)

S (]- - Nmax)<§1 - 0*7 ¢V> (67)

Next, using the fact that 52 belongs to the border of Cé +1NB,
we can obtain an upper bound for 1—fimax. Intuitively, when
0> € 9C}, we have [0, — ezl:Hzg ~ 62— @Hl”zi+1 =
$, and since ||6; — 07”25 — B, we further have 8, ~ 6,
and fimax ~ 1. Combining this with (6.7) and (6.6), we

obtain an upper bound for Dy = maxses(Vi — Vit1)(s),
and consequently a bound for Cy.

Putting the bounds for A;, B; and C} together, we ultimately
acquire an inequality of the form

eN. < CiN, 4+ Cy+/ N, + C3,

where C; can be arbitrarily small with proper parameter
choices. Solving this inequality with IV, as the main vari-
able, we can finally obtain an upper bound on NN, that holds
with probability at least 1 — §/2 —§/2 =1 — 4. O

7. Conclusions

We proposed a new algorithm UPAC-UCLK for learning
linear kernel MDPs and proved that it is uniform-PAC with
sample complexity O (d?/((1 —~)*€?) +1/((1 — 7)5€?)).
This is the first algorithm with uniform PAC guarantee in the
discounted MDPs setting. Our result shows that the optimal
policy in linear kernel MDPs can be learned efficiently. Our
sample complexity bound has a term O(1/((1 — ~)%€?))
that stems from the ML-EVI in our analysis. Achieving
minimax optimal sample complexity bound is left as an
open question for future work.
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A. Proof of the Main Results

We first give a few topological definitions. Under universal set Y C R?, for z € R, define By(z,r) := {y € U :
ly — z|l2 < r}. For X C U, apoint x € X is its inner point (when constrained to &) if 3r > 0, By/(x,r) € X; a point
x € U is its boundary point (when constrained to U) if Vr > 0, By(z,7) N X # @, By(z,7) N X¢ # @. Denote the
boundary of X’ as Jy X, which is defined as the set of all boundary points of X (when constrained to U/). If U = R?,
we will not mention ¢/ when using these terminologies, and we define the corresponding notations in this scenario as
B(z,r) := Bga(z,7),0 := Oga.

An affine subspace in R? is defined as a subset of R of the form {z € R? : L;(x) = a;,i = 1....,dp}, where dy < disa
positive integer, L1, ..., Lg, : R? — R are mutually independent linear functions of z € R?, and vy, . .., ag, € R.

Before diving into the main proof, we provide a few more lemmas in aid of our proof.

The first lemma sets up alternative definitions for the variables 3! and b!, which clarify their utilities and drop the restraint
Il <4L; + Cy between [ and ¢.

Lemma A.1. For each time step ¢ and level [, define the alternative and extended expressions for the variables Ei =

A+ S 1{, < 2k lgy (sr.an) by, (sr.ar) T and bE = ST 1{1, < 13217y, (s,.a,) Vi (5741). Then for
I < 4L, + Cy, the definitions given here yield the same values as the variables given in Algorithm 1.

From now on, for the variables X! and b!, we use the definitions given in Lemma A.1. We also define 6! = (=) ~1bl,
Cl:={0ecR?: |6 - @tHEQ < '} for arbitrary ¢, 1.

The next lemma does the same thing for the ML-EVTI algorithm. More specifically, it shows that one can extend the total
number of levels in Algorithm 2 to infinity and obtain essentially the same results.

Lemma A.2. For each time step ¢, consider an alternative run of the ML-EVI algorithm with L = oc0,C; = Cé for
l=1,2,...and U = U;. We compare this newly constructed run to the canonical run at time step ¢.

To do so, we write the variables in this run with an additional suffix *, resulting in the notations Ql(’i), V*(“) for iteration
round u = 0,1,...,U;. Then we have

= Q" V1 <1< AL+ Co, V0 < u < U,
QY > QLY Loy V1> AL, + Co,Y0 < u < Uy,
v — v vy < 4 < U,

We will use this alternative run of ML-EVI instead of the canonical run in future analysis. Thus, we are completely rid of
the constraint [ < 4L; + Cy.

Lemma A.3. The set of 8 € R that satisfies the conditions for linear kernel MDPs in Definition 3.1, denoted by B, lies
within an affine subspace £ C R?; furthermore, it is a convex body (closed and bounded with non-empty interior) when
constrained to L.

This lemma describes the general shape of B and prepares us for future geometrical analysis on the parameter space.

A.1. Proof of Theorem 5.1

We are now ready to prove our main theorem in detail.

Proof of Theorem 5.1. We will work under the event &; in this proof, which holds with probability at least 1 —§/2 according
to the definition of £ and Lemma 6.2. For convenience, our proof is segmented into four parts.

Part I: Sample Complexity Analysis

In the first part, we give an iterable upper bound on the suboptimality gap, and deduce from it an inequality for the sample
complexity N.. Without losing any generality, we assume € < 1/(1 — ).
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We start by analyzing the suboptimality gap. From Lemma 6.3, we have V*(s;) — V7 (s¢) < Vi(s¢) — Vi (s¢). In the
following, we seek to deduce an upper bound for (V; — V;7)(s;) that contains the next term (V;41 — V;7.;)(S¢+1), s0 we can
iterate this bound over ¢.

As a first step, notice that according to the definitions of value functions for policy 7, we have V;"(s:) = QT (s¢, at); accord-
ing to Line 12 of Algorithm 2 and Line 8 of Algorithm 1, we have V;(s;) = maxaec.4 min;>1 Q4 (s¢, a) = min;>1 QL(ss, ar).
Combining these equations with Lemma 6.4 and the Bellman equation (3.2), we can deduce

Vi(se) = V" (st) = min Qi (st,ar) — QF (s¢, ar)
< QY (s, ar) — QF (se,ar)

< T(st7 at) + V<0it717 ¢Vt (St, at)> + fYUt - T(Sh (lt) - V<0*7 ¢V" (St7 at)>

t+1

="+ [(0r 7 dvi(seyan)) — (0%, by, (se,a0) |- (A-)

t+1

Now consider the bracketed part of (A.1), we decompose the difference into two parts, namely

(01 vifsus0)) — 8",z (o0 00)) = (81 = 0%, gui(sv.a0) + 8", svs00) = vz v a)) . (A2)

Il 12

For I, under the event £, we have from Lemma 6.2 that for all I, [|6* — 6! Isyy < B'/2; also, from the condition 8; € C;N B
in Lemma 6.4, we have ||} — 5,{”255 < f3'. On the other hand, from the selection rule of /; specified in Lines 10 to 13
of Algorithm 1, inequality ||¢v, (s¢, ULI‘/)||(E?71),1 < 2=(e=1/d/(1 — ) holds. Together with the Cauchy-Schwartz
Inequality ||z||s - [|y|ls-1 > {(x,y), we have that

I = <0it_1 -0, ¢Vt(5t7at)>
< 16871 = 6%l llpv; (50, o)l ey
< (103" = 01 Mg + 165" = 0l ) - i (565 @)l e -
< (B 4 ) -2 VA1 )
— 3. glo=ligli—1 (A3)
where in the second inequality we used the triangle inequality, and in the final equation we used the definition of [y from
Lemma 6.1.

For I, recall from (3.3) that (0, ¢v (s, ar)) = PV (st, at) for arbitrary V, therefore

Iy = (0", pv, (st,at) — ¢Vt’_‘_1(st»at)>
=P(Vi = V1) (st ae). (Ad)

Additionally, from the definition of U, in (5.1), we have
VUt < ,Ylog[t(tﬂ)]/(l*v)

log[t(t-+1)]
1/(1—

< [e—l]log[t(ﬂ-l)}

(A.5)
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Now substitute (A.3) and (A.4) into (A.2) and then into (A.1) along with the above inequality, to obtain

Vi(se) = Vi (se) <AV +v[3- 27l gl 1 P(V, — V7)) (54, )]
< ﬁ +3y - 2070 BT p y [P(Ve — Vi) (st ar) — (Ve = Vi) (se41)] + 7 (Ve — Vi) (5e41)
=T(t) + A1) + (Ve = Vir) (s041) +7(Vigr = Vi3 (041), (A.6)

where in the final equation we define I'(¢) := 1/(t(t + 1)) + 3y - 2"o=" =L and A(t) := P(V, — Vi ) (s, a0) — (Vi —
Vi) (se41).
Iterate Inequality (A.6) for T' rounds (through ¢, + 1,...,t 4+ T'), and we get the following suboptimality bound:

V73 (se) = Vi (s1) < Vilse) = Vi (1)

t+T 1
Z TR + AT + (Ve = Vo) (s740)] + 77 (Virr — Vi) (ser7)

t+T—1 t+T—1 t+T—1 AT
T—t T—t4+1 T—t+1
< E YT E gl A(r ;t gt (V7 — VT+1)(sT+1)+1_7, (A7)
At Bt Ct

where the last inequality is due to 0 < V7 1 (st41), Vigr(seer) < 1/(1 = 7).

Now suppose the set of all time steps where the suboptimality gap is greater than € is ¢ := {t : V*(s;) — V" (s¢) > €},
with a total number of N, = #7. elements. Define the condition Q; = {I, > o, Vt S T < t+ T}. Since we also have
trivially that V*(s) — V" (s¢) < 1/(1 — ), we can obtain by summing (A.7) over all time steps ¢ in set 7, that

eNe < Z (V*(s1) = Vi (s1))

teTe
— 1
< Z]I{Qt <+At+Bt+Ct> Z]I{Qt}l
teTe teTe

<ﬁN -I-Z]I{Qt At"‘Bt"‘Ct)"‘iZ]l{Qt

teTe
Consider now the indicator function for Q;. Only when [ < [ holds for some 7 € {t,...,t+T — 1} is Q; false, therefore
1{Q;} < YUt 1l < Io} = Hol SHT=1 917 — 1}, Combine this with the definition of k., = lim,_,o k! =
S22 1l <1}2'-~!in Lemma 6.1, the last addend above can be bounded by

o) I_lo t+T—1

=D ICAEE LD 9D DID DI TR

tlll‘rt
[lo] o

<7 ZZW
l 17=1
Llo]
_ T g kl _ *k’l 1
UOJ 1
T
_ Llo]
- 1 — (kmgx +35 Z kma.x)
< T L ona
11— 2
. 10dT
lo(lo+ 1),

1
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where the second inequality is based on the observation that each 7 is visited in the last summation at most 7" times, and the
third inequality is according to the conclusions of Lemma 6.1. Hence we have the inequality

VoS TN S QM S 1B+ Y Q0+

teTe teTe teTe

lo(l() +1). (A.8)

Part I1: Upper Bounds for the Summation of A; and B;

For this next part, we bound the second and third terms on the right hand side of (A.8). First, for the sum of the term A;, we
expand the expression to the following:

t+T—1
DO =) Y {7
teT. teT. T=t
t+T—1
<D Wl > Iy T(7)
teT. 1=t
t+T—1
=5 3 by gy 2
teTe 7=t T(r+1)
t+T—1 t+T—1
T—t+1glo—lr glr—1
<> N T+1) +3Y Y 1l > loly olo—lr gl (A.9)
teT. 1=t teT. T=t
Regarding the first summation in (A.9), we shrink the 7’s in the denominator to ¢:
t+T—1 t+T—1 7=
teTe 7=t T+1 teT T=t
teTe t(t+1) T=t
1 1
<
S+l 1-o
1
ST (A.10)
We hence obtain by substituting this into (A.9) that
t+T—1
ZAt<7+3Z > {lr > o}yl gl (A11)
teT. teTe 7=t

We leave the leftover part to be tackled in Part I'V.

Second, we discard the indicator term in the sum of B; and expand it to

t+T—1
DHAIB <Y Y ATMAM)
teTe teTe 7=t
T-1
=> > y"MAt+n)
teTe n=0

Z {Z Y IHPVign = Vilns1) Sttns @rgn) = Vigen = Vil 1) (St4nt1) ] |

n=0 ~teT,
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where in the first equation we substitute n = 7 — ¢, and in the second we exchange the ordering of summation.

Write 7c = {t1,t2,...,tn, }, thenfor k =1,..., N, the random variable ¢, is the k-th time step where the suboptimality
gap is larger than € and hence a stopping time. Now for each individual n > 0, let F}, ,, be the o-field generated by all
random variables before the generation of s, 441 in Line 9 of Algorithm 1 at time step 5 + n. Then

N,
{P(Wk+n, - ‘/1£7,:+7L+1)(5tk+"’ tytn) = (Vtk+n - VtZ+n+1)(5tk+n+1)}k:1

is a martingale sequence with respect to the filtration {F} ,,}»<,. Now notice the term (Vy,, — V% i1)(s) is bounded
within [-1/(1 — 7),1/(1 — v)], and therefore P(Viqr, — V%1 1) (St4m @i4n) — (Vign — Vipi1) (St4n+1) is bounded
within [~2/(1 — v),2/(1 — 7)]. Consequently, from Lemma D.1, with probability at least 1 — §/(2(n + 1)(n + 2)), the
following holds:

2
Y [B(Vien = Vinsr) (eens @een) = (Virn = Vit (se4n1)] < ﬁ\/ﬂ\fe log (2(n + 1)(n +2)/9).
teT.

Taking a union bound, we have that with probability at least 1 — >~>° /§/(2(n + 1)(n + 2)) = 1 — §/2, the subsequent
upper bound holds:

T-1
Z Bt = Z |:’yn+1 Z IZ]P)(‘/H”” - ‘/tin+1)(st+717 at+n) - (‘/t+n - ‘/tin+1)(8t+n+l):|
teTe n=0 teTe

< §7n+1 , ﬁ\/QNE log (2(n + 1)(n +2)/6)

T-1 n+1
<>
n=0 1 -7

\/2N. log (27(T +1)/5)

<7 3777)2 \/QNG log (27(T +1)/5), (A12)

where in the second inequality, we amplified the n + 1 under the square roots to 7. We denote the event where this inequality
holds as &, then with probability at least 1 — §/2 — §/2 = 1 — 6, the joint event £ = &; U &5 holds.

Part III: Upper bound for the Summation of C

For the third part, we provide an upper bound for ) },.- C;. Since this process is rather lengthy, we partition it into four
steps.

Step 1, we seek to obtain a bound for (Vt — Vtﬂ) (st4+1). According to Line 7 of Algorithm 1, the two value functions
Vi, V41 are results of Algorithm 2 from two consecutive time steps ¢ and ¢ + 1.

Denote the variables Ql(“), V() in Algorithm 2 at time step ¢ by Qz(,?a Vt(“) for iteration round v = 1,...,U; and

t =1,2,.... Next for a fixed t, define D,, := max,cs [Vt(Ut*u) — ‘Q%*l_u)] (s). By the update rules of V and @ in
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respectively Line 3 and Line 6 of Algorithm 2, we now give the following derivations:

D,_1= gleagi |:V;(Uf,—u+1) _ ‘/'t(JrUlt+1u+1)1| (S)

A (U—utl . (U1 —u+1
= max | max min Ql(tt vt )(s,a) — max min Ql( e vt )(s, a)
sES | acA 1>1 ’ acA 1>1 )

< max [min Ql([it_uﬂ) — min Q(U‘“_“H)} (s,a)

s€ES,acA | 1>1 I>1
< g, QT
= | (v 7, e (00 (5.00)) = () 4 T g s (02 s )
= ymax [ O $ywen(s,a)) = wmax | (62,9 i (5:0) | (A13)

where we used the trivial facts max,c x F'(x)—maxgzexy G(z) < maxgyex (F—G)(x) and mingex F'(z)—mingex G(x) <
maxzex (F' — G)(x) in the inequalities above.

Next we denote for ease of expression that V; = Vt(Ut_u), Vo = Vt(ff #7%) and then separate the difference inside the
outer maximum in (A.13) into two parts:

max (01, ¢vi(s.0) = max_ (62, bua(5,0))

6.eCin 2€C,  NB
< max <01, dv, (s, a)> — max <01, bv, (s, a)> + max <01, dv, (s, a)> —  max <02, dv, (s, a)>.
6.€CinB 6.€CiNB 6.€CiNB 0:eC; ,NB
Jl J2
Recall the definition of ¢y from Definition 3.1, the first part
Jl S max <01; (¢V1 - ¢V2)(S, a)>
91€Céﬁl3
= max <01,/ @(s']s,a) (Vi — Va)(s')ds")
0.eCinB s'€S
= max / (61, ¢(s'|s,a))(Vh — Va)(s")ds'. (A.14)
01€CiNB Jgres

By the definition of B in (3.4), for @ € B, (0, ¢(s'|s,a)) is a probability distribution on S, which we now denote by
P = (0, ¢). We then continue from (A.14):

ne omax [ BElsa) - Ve
0, EC%(‘IB,P:(B],qﬁ) s'eS
< max II"T‘s/wﬁls(ws a) [(Vl - ‘/2)(8/)’8’ a}
0,€B,P=(01,¢) ’

< max  max(V; — V2)(s)
0.1€8.P=(0:,¢) *'€S

_ (Up—u) (Ut+1—u)
= max [V - v ), (A.15)
where in the second inequality we relaxed 8; € C! N B to 8, € B, and the third inequality is due to the fact that the expected
value of a random variable is no greater than its maximum possible value. After that, the equation follows because the
variable 8, is no longer tied to the value of (V3 — V2)(s').

For Js, we relax V = fof“fu) to an arbitrary function V : § — [0,1/(1 — )]

Joy < max

0 — 0 . A.l6
v e (B10v () - max (62,00 (5.0) (A16)

0:eCl, NB
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Now substitute (A.15) and (A.16) into (A.13):

Dy < Wma>l<(J1 + J2)

< ymax [max <Vt(U"_") - Vt(fl‘“u)) (s")

s,a,l | sS’€S

i, (0160~ o0 8010

max
V:§—[0,1/(1—-)] \ 8:€ClnB 0:2eC; 1 NB

= 7y max [Vt(Utu) - ‘/;ff+l_u)] (s') +~ max { max (01,¢v(s,a)) — max (62, ¢v(s,a))

s'es s,a,l,V | 81€CinB 02eC; NB

=~D, +~ max max (61, s,a)) — max 0-, s,a))|,
e 75>avl>"[9166£ﬂs< Loy (s,a)) 92e0i+1m6< 2 9v( )>}

where the first equation holds because the first term in the big bracket is independent of the variables s, a, [, and the final
equation holds based on the definition of D,,. Further note that according to Algorithm 1, the confidence sets at levels lower
than [, are not updated from ¢ to ¢ + 1, and hence these confidence sets are identical for the two runs of ML-EVI. Therefore,
we may exclude these smaller levels in the outside maximization above, and deduce

Dy 1 <D, + max max (64, s,a)y — max (0o, s,a))|. A.17
1< v, max [elec§m3< 1, ¢v(s,a)) 92ec§+1m3< 2, Pv ( )>} (A.17)
Step 2, for a given ¥ = ¢y (s,a), we consider the expression in (A.17) inside the outer maximum, namely

maXg, ccinB <917 "P> — MaXg,ect, NB <027 1/J>-

Suppose 51 = argmaxolem@l,z/;). If 51 c C§+1, we immediately have maxelecémg@l,'z/;) = <§1, Py <
max92€cé+1m3<02,1j)> and the expression of interest is upper bounded by 0. Otherwise when 6, ¢ C!,,, consider
fimax = sup{p : 0% + (61 — 6*) € Cl,, N B}.

According to Lemma A.3, B is a convex body with non-empty interior when constrained to the affine subspace £ C RY.
Combine this with 6%, 6, € B, we see the segment J C R? with 6* and 6, as endpoints is contained by 3. Since C} L1isa
closed ellipsoid and hence a convex body in R<, its intersection with 3 must also be a convex body when constrained to
L. Furthermore, by the conclusions of Lemma 6.2, 6* is an inner point in C}; under &y, so the intersection of C;_,; and

J must be a nontrivial segment 7’. Since the set {8 = 0% + (8, — 6*) € C!., N B}, as the intersection of a line and a
convex set, contains 7', the set {11 : @* + p(6; — 6*) € C;,, N B} must be a non-trivial closed interval Z on R.

Since 8* € C},; N B under & and 6, ¢ Ci, by our earlier assumption, we have 0 € Z and 1 ¢ Z, and therefore
0 < fimax < 1. Now define 62 := 0* + piax (01 — 0*) € C,{H N B, and obtain:

max (01,9) — max (62,9) = (01,9) — max (6,)

6.eCiNB 0:eC; NB 62eCi NB
< <§1a¢> — (0" + /‘maX(él —07),9)
= (1 — fimax) (01 — 6%, 9). (A.18)

It is worth noting that the second multiplier (51 — 0*, 1) is non-negative based on the definition of 6,.

Next, we start with giving a bound for the second multiplier. Since 8; € B, we have P(:|s,a) = (61, ¢(:|s,a)) is a
probability function for arbitrary s € S, a € A, and therefore

(61— 0", %) = (61,9) — (0", 9)
= PV(s,a) — PV (s,a)

1
—, (A.19)
-y

IN
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where we used 0 < V(s) < 1/(1 — «) for arbitrary s € S.

Now we focus on pi,.«. By its definition, we have 52 = 0* + Mmax(§1 —-0%) € 85(C§+1 N B). If 52 € 0,8, since for
0 < pt < fhmax, 0™ + (01 — 0*) € B, we can deduce that for any p1 > piyax that 8* 4+ (01 — 6*) ¢ B. Because fimax < 1,
this leads to 81 = 6* + 1 (6, — 0*) ¢ B, a contradiction. Otherwise 8> € 9.C/,; C 9C},, which implies

8= 1102 — 6L, ||

t+1

= ||Mmax01 + (1 - /”'max)a* - 9i+1||2l

t+1

= [l tmax (81 — 0111) + (1 — ftrnax) (0% — 8}, 1) |15

t+1

+ (1 = pmax)[|0" — 0£+1H21

< Mmax”el - 01{+1H2l t+1

t+1

1 B, (A.20)

n nl
< Umaxnel - 0t+1HElt+l + (1 - ,umaX) : B

where we used the triangle inequality in the first inequality, and the conclusion of Lemma 6.2 in the second inequality.

Moving the second addend on the right hand side of (A.20) to the left hand side, we get

1 n _ pl
5(1 + Mmax)/Bl S Nmax”el - 0t+1||2%+1
1 ~ .
< 5(1 + Nmax)”el - 9%+1H25+1’ (SIIICG Hmax é 1)

which leads to the conclusion 8! < [|6; — §£+1”2i+1' We thus detract from [|6; — @tﬂﬂzi“ both sides of (A.20) and
obtain

161 — 9i+1||zg+1 — B> (1= pimax) x (161 — 6’i+1||z:§+1 -0.58")
Z (1 - Mmax) : O~55la

which yields
o _ pl Al
1=l < ||01 9t+1||2’i+1 5
0.543!
=2(01 — ;4,1 /B —2. (A21)

t+1

Step 3, we now set out to bound ||§1 — §i 11 ||25 o aiming to prove it is close to 3'. In preparation, we first list the
following relations between the variables based on the expressions given in Lemma A.1: X! | = X! 4+ 2=l ,

bl,, = bl + 2"~y Vy, where ¢o := v, (51, ar), Vo := Vi(s141). We also have @T = (Z)~bl, 7 =t,t+ 1. Now we
break up the value using the triangle inequality:

SR ~ SN
101 — 61 1 lls <1161 — Ol +116; — 0 [Iszt - (A.22)

t+1 t+1 t+1

We expand the first norm in order to use the relation |61 — @t I < ! for an upper bound, specifically:

161 — 6113, = (61— 6) =], (6, — 6)

= (61— 6))" (%) + 2" docbg ) (61 — 6)

= (0, — )"0, — 0)) + 2! [ (B, — B))]°

<161 — 8}|1%; + 27" [|161 — B}5: - lloll(zty-1]” (Cauchy-Schwartz)

< (82 + 278" ol sy -1 (A.23)
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For the second norm, the vector is the difference between two confidence set centers. We tackle this difference by extracting
(=L, ;)" from both centers:

0, — 0, = (=) 'b, — (D t+1> 'bly,
( t+1) 1[ t+1 1bl bf‘,-{-l}
= () (= 2“ ‘podg )(B0) bt — (b + 2" )]
(2i+1) " [bg 2“ Yo (2)7'bl) o — bl — 2" Voeho |
= 2" (g (2))'b; — Vo) (B 1) do- (A24)

Substitute the results (A.23) and (A.24) back into (A.22):

161 =8} lls,, < /(812 + 2082 bollBgyy o+ (12 ’(¢o< Dbl = Vo) (Bhi1) " ol

t+1
= B\ 1+ 2ol 2 by () 7B~ Vol l[(Bh11) ™ ol

t+1

éﬁ(1+2“*“H¢0H<zg)4)+2“*l|¢301 Vollloll s, )1 (A.25)

t+1

where we used the trivial inequality v/1 + 2 < 1+ 2:/2 for any 2 > 0 in the last relation.

To tackle the right hand side of (A.25), we need to provide an upper bound for ||¢o|| (s )-1, where 7 = ¢, + 1. First we

have trivially that 3, ; = 3.. Furthermore, by the alternative definition of 3! given in Lemma A.1, we can see based on
[ > [; that when [; > 1,

t—1
=M+ 1l <132 gy, (sr.ar) v, (sra.)
T=1
t—1
=M+ {1 - 1327 gy, (sr.ar) v, (sr.a.)
=1
t—1
= AL+ 24Nl <1 - 132 gy, (sras) @y, (sra.)
T=1

i Qltililzit_l.

= 22| gy <

The above relations lead to ||| (s (i1 S

Lot H¢0H(Ei)*1 < ||¢0||(21t—z—12it*1)—1
U=t 1)/2  9=liF1\/d/(1 — ) = 2(=3L:+3) /2\/&/(1 — ), where the [; selection rule in Lines 10 to 13 of Algorithm 1
yields the last inequality. Recall our definition of [y from Lemma 6.1, we have shown that when [; > 1,

Ipollzy, ,)-r < 20F2030+3/2, (A.26)

< lgollx-11 = A72[lpoll2 < Vd/(1—7) = 2",

Note that in the special case where [; = 1, we have trivially ||| (5
and (A.26) still holds.

Apart from this, we also need to bound ’qSOT@ — V0’ in (A.25). Since PV;(s¢, ar) = (0%, ¢y, (¢, az)) from (3.3), we have

1)

’¢8—91 Vb’ = | é\aﬁbo Vt(8t+1)’
| éjtafﬁo (07, o) +PVi(s4,a¢) — Vt(5t+1)|

< (8] — 0", ¢0)| + |PVi(s1, ar) — Vi(se41)] (triangle inequality)
< || — é\nglt oll(sty—1 + |Egr b s,a0) Vi (") = Vi(se41)| (Cauchy-Schwartz)
1, 1
< 58 ¢ollz)-—+ + T (A.27)
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where in the last inequality we used the conclusion of Lemma 6.2 and 0 < V(s) < 1/(1 — 7).

Now we turn back to (A.25). Implementing the inequalities (A.26) and (A.27) in the right hand side, we obtain

_ N L B 1
161 = ez, < (1 2 ol ) + 2 (5ol ayyos + 7= ) 1ol

1
l le—1 l 2
= 514247131 dullggy - + 38Nl + = ol

1 2(z+2lo—slt+3)/2)

L=n
_ 5l <1 49202043 4 (1/(1 _ 7)51) .Qlo(l+lt3)/2)

S /Bl <1 4 22l072l1‘+3 4 (1/6\/a) . 2lolt+3/2\/;i)

g Bl +2lt—l (ﬁl2l+2l0—3lt+3 +

< B (1 + 92lo—2l+3 | olo—ls /2\/&), (A.28)

where the third inequality is due to [ > [; and the definition of B! from (5.1), which leads to (I—7) gt > 6v/dl > 6V/d.

Step 4, we are putting everything together. Substituting (A.28) into (A.21), and then into (A.18) together with (A.19), we
have

max (01,%) — max B<92,¢> < (1= fimax) (61 — 6%, %)

0, EC%QB 0> Ect+1
< (2/16: — t+1||21[+1/ﬁl -2)- T—
< (22lo—2lt+4 T 2l0—lt+1.5/3\/8) . 1 .
< T
Now substitute the above inequality into (A.17) to get Dy, 1 < yDy+(v/(1—7))- [22l~2kF4 42001415 /3,/d] . Recalling
from (5.1) that Uy4.1 > Uy, and from (A.5) that Y < 1/(t(t + 1)), along with the trivial bound for Dy, < 1/(1 — ), we
iterate this inequality for D, over u = 1, ..., U, to obtain:

Dy < ’YUtDUt + Z Y - . [2210721,,+4 + 2104#1.5/3\/&]

U
2lp—2l4+4 lo—l¢+1.5 u
SirD 11— T1oy 2 20 /3Vd] Y

u=1

1 Y o—2s+4 | olo—ls+1.5
< + 92lo—2li+4 4 olo—Li+1.5 /3, /g1
(1 —y)t(t+1) (1—7)2[ /3vd]

Combining this with V;(s;41) — Vig1(Se41) = V;(U*)(st) — ‘4%*1) (s¢) < Dy, we can now bound the sum of C; by

t+7—1
Zﬂ{gt}ct - Z Z Q™™ (Ve = Vo) (5741)
teTe teT. 7=t
t+T—1
< Z Z I{Qt}77t+1{ 1 i 2 [2210—217+4+210717+1.5/3\/g]
g = 1=y)7(r+1) (1 —7)?
t+T—-1 t+T—1
< 1{i. >1 92lo=2l+4 | olo—li+1.5 /3. /g
—1—ZZT+1+ZZ{>O} AR I O
TieT. =t teT. 1=t
t+T—1
=07 +Z 2 - >l°} ) [2% 2t g glom bt L3 3V/d], (A.29)

teT. 7=t
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where in the third inequality we relaxed the indicator function 1{Q;} to 1 and 1{l, > [y} for the two summations
respectively. The final inequality is due to (A.10).

Part IV: Final Arrangements

We now combine the three bounds for the sums of Ay, By, C, namely (A.11), (A.12) and (A.29), and substitute them into
(A.8) to obtain

t+T—1
2
eN, < 17_ N, + [+3Z > {l > lopyT 2l gl —1] 1_7”2\/2N610g (27(T + 1) /)
gl T &5 S (1=1)
HI! 10dT
+{ +Z >, >z0} [2210 2etd p glohetl. 5/3fﬂ Tl +1)
teT. 1=t )
AT 1 10dT
= N. 2N, log (2T(T + 1)/ lo(lo + 1
= +(1, 5 \/2Nelog (2(T +1)/5) + T Tl + D
t+T—1 3 2
- - - 16+ 20021 2v2y lo—1
+ 1{l, > 1 7”[37210 begle=tp 21 . 9200—2L 4 ZVTT _ glo=li] (A.30)
2 2 M=) =) 3(1—)*vd

We will now focus on the second half of (A.30). More generally, we present an upper bound for the term
DT ZH'T Y141, > lo}y " tylo~tr £(I, — 1) in the following, where f : R, — R is of the form f(z) = ¢/ + ¢2.
c1,c2 > 0,and 2 < 7 < 4. We do this by using indicator functions to break up the summation, namely:

t+T—1

Z z 11{17’ > ZO}’YTitWIOJTf(lT - 1)
teT. T=t
t+T—1 o)

=YD > AR -n{i=1.}

teTe 7=t I=|lo]+1

T-1 oo o
=> > > AT D{I=L}{r —neT)

n=0r=1+4+nl=[lp]+1

T-—1 [e’s) [e%}
=S > g Tlr-1) Y M=y 1{r—ne T}
n=0 l:[loJ+1 T=1+n
T— 0o e
SZ Z ol F(1 )min{ SNoafi=0} > 1{T—ne7;}}
n=0 I=lo|+1 T=14n T=14n
T—1 [e%e)
S Z ,_yn Z nlo_lf(l - )mln{kmdx’ }
n=0 " I=[lo|+1
LS o - I-Lo
<15 S 9Tl - 1) min{20di4' ", N}, (A31)

= U()J+1

where: in the first equation we expanded 1{l; > lo} into },_, 1{l = I }; in the second equation we used the variable
n = T — t to replace ¢, which adds a multiplier 1{t := 7 — n € 7.} to the expression under summation; in the second to
last inequality we used the definition of k! ,, from Lemma 6.1 and the definition N, = #7; the last inequality is due to
Lemma 6.1.

Ideally, we can determine an exact threshold integer value Ly = max{l > [ : 20di4t—t < N}, and take the correct
minimization in (A.31) for all [ € Z, yet this will intensely complicate our deductions. Instead, we will set a undetermined
threshold value L, under which the minimization takes the upper bound 20d[4!~", and above which the minimization takes
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the upper bound N.:
t+T—1
Z Z ]l{l‘r>10}7T7t77l07le(l‘r*1)
teT. 1=t
1 1 >
<1 Z nlomt (1 — 1) - 20d14'~ l0+1 > gl — 1N,
T Llo)+1 TS
Lo
1
< g f(Lo— 1) 20dLg S oglorlal- l0+ Z ol r(l—1)
v I=|lo]+1 7=t
Lo s}
20d _ N,
= — Lof( o—1) Y (“/n) ‘wf S o aVi—T+c), (A32)
I={lo|+1 I=Lo+1

where the second inequality holds because f(I — 1) - 20dl is increasing in [, and in the equation we plugged in f(z) =

1T + ca.

To tackle the second half of (A.32), gather from the first conclusion of Lemma D.3 that Y ;°, nlo=l\/1 <
V'L + 1nlo=L+1 /(5 — 1), which leads to the upper bound
Z (e VT— 1+ ¢3) = e Z no=l 4 e ann -1/]
l=Lo+1 I=Lo+1 l=Lg
< (62 +c1v Lo+ 1)nl°_L°/(77 -1)
= f(Lo+)ple~to/(n—1). (A33)
Substituting (A.33) into (A.32), we have
t+T—1 Lo
et Lo 20d N,
D 2 T =) S g Lof(Lo— 1) D0 (/) = (Lo D (= 1)
teTe 7=t I=lo]+1 v
Lo
Ly+1
< fot] (10_1 )[QOdLO > (4/77)”0+N€7710L°/(?7—1)} (A34)
I=[lo|+1

where for the second inequality, we used the fact f(Lo — 1) < f(Lo + 1) due to ¢; > 0.

Now we go back to consider the second half of (A.30). With 8! = 2(3V/dl + 2+/1og(1/5)) /(1 — ) + 2v/dX, we can take
n = 2,41in (A.34) to get

t+T—1

- - - 167° 200—21 2292 lo—1
1{l; > o}y t|:372l0 bgle=lp - 20 922 4 ZYTT  glo—h
erT ; (1—79)? 3(1—7)2Vd
t+T—1 23 T—1 168
=30 1{l > oy 2l [375“1 + } S 1l > oyl iRy
teTe 1=t 3(1 - teTe 1=t (1=7)
2\/5,}/2 Lo
< (375%“ + > <20dL0 > 2l Nl b
- 1- —~)2
1—7 3(1—7) Vd i) 41
Lo

16+3 lo—L
+ T 20dLy Y 1+ Nltos3
7 I=lo]+1
(35L0+1 9lo—Lo + 2\/5 lo—Lo + 16 4loLo>N
EE— 3 €
11—~ 3(1—y)3vd 3(1=7)
+ <3/3L0+1 2L0*l0+1 + 2\/5 2L0*IO+1 + 16

= = v R o
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where in the last inequality we we used v < 1 to get rid of all the excess ~’s.

Now take
T:= [log a )6/(1—7)1,
and
Lo = {zo + log <M + K+\/2log(M + K)/log2 + 2(l + 1))/10g 2} ,
where

3 1 12\/log(1/5)  6v/dx
M= {(1—7)3\/&+ (1—7)2 +1—’y}’
54V/d

It is not hard to check that

Lo = O(logW) +0(1og1),

where we separated the term log(1/¢) since the maximum possible value of ¢ < 1 — v is dependent on the parameter
7. In the third conclusion of Lemma D.3, by taking a = 2/*!M and b = 20+t K, we have Lo + 1 = [log(a +
by/2log(a + b)/log 2)/log 2], and hence

2lo=lo > 9=lo=1(q 4 b\/Lo + 1)
=M+ K\/Ly+1
3 1 12/log(1/6) = 6vd\x  18Vd
= + + - VLo +1
€ {(1—7)3\/3 A-72 "1-q (@-y2V7"°
1 3phot!
ot
(1—v)pvd  1-7v

ol w

where the final equation is due to the definition of 3! in (5.1). As a side effect of the second to last expression above, we
have the relation 2£0~l0 > 3(6 + 18@)\/& duetoe <1/(1—+), A > 1and Ly > 1. On the other hand, we have an upper
bound of similar composition:

< 2[M + K+/2Lo +2]

1 12¢/log(1/6)  6Vdx  18V2d ,——
Va7 iy TaopVietl)

ol

where in the second inequality we used the relation Ly > log(M + K)/log 2.
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We now substitute the two inequalities above into (A.35):

t+T—1 3 2
_ _ _ 16y lo—21 2v2y lo—1
1l > o}y t|:372l0 lTBlT Ly 7 922 VRV glo—le
2 2 M) =7 (1 -2V
Lo+1
§ (36 0 I 2\/§ + ].6 . . 1 )2l0L0NE
L=y  3(1—9)3vVd 3(1—7)?° 3(6+18v2)Vd
Lot1 20dL32
+ (36 + 2 ) -20dLo2k0 b 4 LOB
L=y 3(1-7)3Vd (1-7)

IN

1 124/log(1/8) = 6vdx  18v2d ——

177)3\/&+ (172 "1 a—qp LOH}

2/2 124/log(1/9) 6\/67 18f 320dL3

X(( S B (R R 7 VL ) a—
§N€ +120dLo /e - \/12 4122 + 62 + (18V/2)2 \/(2\/5/3)2 4122 + 62 + 182

1 log(1/8)  dLg A 320dL2

[a—WWd+u—ww*kl—w4+u—vv}+u—wﬁ

. 1 log(1/6) ~ dL dA
3N€+CdLO/E'[(1v)6d TR <17>2}

€ 6
—N.+20dLg - —
3 * 0" ¢ [(

IN

X

(A.36)

where: the second inequality is partly due to 2v/2 /3 +16/9(6 + 18/2) < 1; we used the standard Cauchy-Schwartz
inequality in the third inequality; for the last expression, C' is an absolute constant.

Besides, by the definition of 7',

1/(1— 7))10g[3/(1 7)el

(v
ex [ log (3/(1 — )€ )]
(1 —7)e/3.

IAIA I/\

We then bring this and (A.36) back to (A.30):

dT
eN, < %Ne + (7\/2N log (2T(T +1)/6) + 5 + 10_ lo(lo +1)
€ CdLy [ 1 log(1/6 dLo d\
+ 7Ne + +
3 e [(I=9)8d Q-9 (1T-7* (1-9)?

We go on to move the two terms (€/3) N, to the left hand side, then multiply both sides by the factor 3/, thus transforming
the above inequality into (after erasing yet another v from the first term):

6 3 30dT
N, < m\/21og (27(T +1)/6) /N, + e

30 [ Lo . dlog(1/d)Lo+d*1§  d*ALg
N (CE (T=) (1=

lo(lo +1)

€

Using the second conclusion in Lemma D.3, which states that x — a/x < b=z < a? + 2b for positive real numbers a, b,



On the Sample Complexity of Learning Infinite-horizon Discounted Linear Kernel MDPs

we see the above inequality implies

2
N, < [(16%\/2 log (27(T + 1)/5)} ta 767)26 + (dej)elo(zo +1)
6C [ Lo dlog(1/8)Lo + d*>LE  d*ALg
e [(1-7) (1 -7 (1—7)?
_ 0( Ly , dlog(1/8)Lo + d*L3 + logT d* )Ly diglog (1/(1 — "/)6))
(1—7)5e? (1—7)te (1—7)2e (1—7)%

YA & + dlog(1/6)
-0t e )

which concludes the proof. O

A.2. Proof of Corollary 5.3

Proof. Theorem 3 of Dann et al. (2017) states that if an algorithm is uniform-PAC with sample complexity I'(e,d) =
O(C1 /e + Cy/€?) for some § > 0, then with probability at least 1 — &, its regret is bounded by O(y/C2T + max{Cy, Cy}).
Taking Cy = 0, C2 = 1/(1 — ) + (d + /dlog(1/6)) /(1 — v)?, and discarding the non-dominating terms without v/,
this suggests that our algorithm has a high probability regret bound of
~(d+ +/dlog(1/d T
Regret(T) = 0( + ’ (;g)g ) /T4 (l\f)g) (A37)
- -

(
O

B. Proof of Lemmas in Section 6

In this section, we focus on the lemmas presented in Section 6 and give detailed proofs for each of them.

B.1. Proof of Lemma 6.1

Proof of Lemma 6.1. By Definition 3.1, we have ||y, (s¢, a;)||2 < Vd - 1/(1 — 7). Take {X;} = {207"Y/2¢y (s;,a,) :
7>11 <l},V=MNand L = \/E/(l — ) which, considering Lemma A.1, means that

t
Vi =AM+ Y 1{l, <}2"" "'y, (sr,a,)pv, (s-,a.) "

T=1
_ Zl
- 41

t
T=1

where t’ = >~ 1{l, <1}. We can thus deduce from Lemma 11 of Abbasi-Yadkori et al. (2011) the following:

t—1

det (X}
Z]I{ZT < l}min{21771H¢VT(57,¢17)H?21 = 1} < 2log et(%)
=1

det(AI)

(B.1)

On one hand, from Lines 10 to 13 of algorithm 1, we have when l; = [ and l; # L: + 1, ||@v,(st, at)(z1)-1 >

271/d/(1 — ~). Combine this with the definition &} = S'_" 1{I, < 1}2/~~ and the observation that [, = [ = L, + 1
happens exactly once for each level [, we have that when ¢ is large enough, the left hand side of inequality (B.1) can be
lower bounded by

t—1 t—1
> {ly < Bmin {27y, (sryar) By 1,1} = Y 1{ly =1, Ly + 1 # min {271 27204/ (1 — )%, 1}

T7=1 T=1
t—1
— [Z 1{l, =1, L, + 1 # 1} min{47'd/(1 —)? 1}
T=1

= (ki — %kg—l — 1) min {4~ 1}
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On the other hand, for the upper bound of the right hand side of (B.1), notice that

da@bg'“@“r

| d
_ [d\ + Z:—_zll 1{l; < l}2l‘ril tr [qbVT (875 aT)¢VT (875 aT)T] ¢
1 d
<YM+%-wa—wPr
= d
= (A+ K1 -7, (B.2)

where the second inequality holds because tr [y, (s¢, ar) v, (s, ar) | = || v, (se, ar)||3 < d/(1—~)?. Substituting these
bounds into (B.1), we have

A+ ki/(1—7)?)?
\d
< 2dlog (1+ki/(1—7)?), (B.3)

(K — S~ 1) min (#9701} < 210g

where in the second inequality we used A > 1.

The above inequality immediately implies that k! is finite for arbitrary ¢, 1. Take ¢t — 0o, we can replace the suffixes ¢ in
(B.3) by co. Next we consider two separate cases of [.

First consider the case [ < [y, where (B.3) becomes
1.,_
kllnax - Ekfnalx -1 < 2d10g (1 + kfnax/(l - 7)2)
We will prove through induction on [ that

kL < 20dl,. (B.4)

max

Note that (B.4) holds trivially for [ = 0. Now suppose (B.4) already holds for [ — 1. Then

1
ktax — 2dlog (1 + KL /(1 —7)?) < 5 20dlo +1.

By viewing k! . as a variable and differentiating on it, we see the left hand side is increasing for k!, > 2d. It is evident

from (B.4) that the desired upper bound is indeed greater than 2d, hence we only need to prove that the above inequality
does not hold when k' . is above this upper bound, in other words

max

20dly — 2dlog (1 +20dly/(1 —~)?) > 10dlo + 1.
Substitute 4% = d/(1 — ~)? and move the first term on the right to the left, this is equivalent to
10dlo — 2dlog (1 + 20l - 4%) > 1.
The left hand side

d[10lp — 2log (1 + 201y - 4'°)] > 10y — 2log(1/4 + 20) — 2log (Iy - 4°)
=10lp — 2log(81/4) — 2(2log 2 - Iy + log )
= (10 — 4log 2)ly — 2logly — 21og(81/4)
> 10 — 4log 2 — 210g(81/4)
> 1,

where in the second inequality we shrank [ to 1 based on monotony. This concludes the induction, and hence we have
proven (B.4).
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Now for [ > [y, the bound (B.3) becomes

1
(kll’nax - Ekfn_alx - 1) . 4l0_l S 2d10g (1 + k‘fnax/(l - ,7)2) (BS)
Write k., = aydl4!~!o. Notice that from (B.4), k:% < 20d(|lo] + 1) - 4llo)+1=l0_ We further define 1, = 80, then
plug these into (B.5), to obtain

1
oudl = goudl - 4=t < 2dlog(1 + oy4'l).
This inequality holds for arbitrary [ > ly: for I = [ly| + 1, this is the exact result of substituting the bound for kol into
(B.5); for I > Iy + 1, we further expanded ! — 1 on the left hand side to [ to obtain this inequality. We then go on to divide
both sides by dl:
1

1 2
——qp1 — — < Zlog(1 4. B.
Q= g0 dl_lOg( + «4°0) (B.6)

From here we only need to verify through induction that a; < 20 for I > Iy, which yields k! < 20dl4!~!0 as required.
For the induction basis, by shrinking d and [ to 1, we have ;41 < 11 + 2log(1 + 4|, )4+1). Because the function
x — 2log(1 + 4x) is increasing in 2 when x > 2, and 20 > 11 + 2log(1 + 4 x 20), we can deduce from here ;|11 < 20.

Suppose we already have o;_; < 20 in (B.6). We can then obtain a; < 5/2 + 1/1+ (2/1)log(1 + «;4'l). Combine with

the trivial lower bound a;4'1 > kL . > 1, we have

1 2
o < g + 5+ 7 log (2044'7)

2
< ; +2log2+ 2loga; + 2log4 + jlogl

2
< g+log64—|— glog?) + 2log oy

<9+ 2log oy.
Therefore, in light of the fact that x — 2 log x is increasing for x > 2, and that 20 > 9 + 2 log 20, we have oy < 20, which
concludes the proof. O
B.2. Proof of Lemma 6.2

Proof of Lemma 6.2. By Lemma A.1, we have the following expression for @t:

t—1 -1 ,t—1
6 = ()\I +Y 1l < l}QZT_lqﬁVT(sT.aT)qbVT(ST.aT)T> (Z 1{l, < l}2lf—l¢v,(sT.aT)VT(sTH)).
=1 T=1

Next, we have from (3.3) that (8", @v, (s,a:)) = PVi(ss,at) = Eg,, ~p(|ss,a0)[Vi(5¢41)], Which means {V;(s¢41) —
(0%, ¢v, (st,ar)) } forms a martingale difference sequence. Furthermore, since V;(s) is bounded by 1/(1 — ~), this sequence
is 1/(1 — ~)-subgaussian. Combine this with the fact ||@*|| < v/d from Definition 3.1, we may deduce from Theorem 2 of
Abbasi-Yadkori et al. (2011) that with probability at least §/(2I(l + 1)), the following holds for all ¢ > 0:

o _ o+ 1 det(34)1/2 det()\]:)l/2} |
160 — 67| 5t < 1_7\/210g{ 5/ @0+ D) +VN-Vd
1 A+ K/ = )22 20+ 1)
1, 210%{ YE R ]wm
- ﬁ\/‘“og (14 K /(1= )2)) + 2log (21(1 +1)/8) + VAd
< o log(1420-400) + 2log (21 (1 + 1)/0) + VAL (B.7)
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where in the second inequality we borrowed (B.2) from the proof of Lemma 6.1, and in the final inequality we used the
conclusion of Lemma 6.1 and substituted I’ = max{l,ly}.

We now seek to prove the right hand side of (B.7) is no greater than half of 3. First, for the expression inside the big square
root, we have

1+20-4") + 2log (20(1 +1)/9)
< d[log(1+20-4") + 2log (20(1 +1))] + 21log(1/5)

< d[log ((1+1/80)-20-4') +log4 + 2log! + 2log(l + 1)] + 2log(1/d)
=d

< d[log(81-4) + (log4) - 1+ 3(1 — 1)+ 2((l +1)/2 — 1)] + 2log(1/6)
= d[(4 +log4)l + (log 324 — 4)] + 2log(1/6)

og(
[
[
[log81+ (log4) - l+310gl+210g((l+1)/2)+10g4} + 2log(1/46)
[
[(
d

< 9dl + 2log(1/9),

where we used the relation log z < x — 1 for real number z > 0 twice in the third inequality.

Second, we take the square root in the above to obtain as a continuation of (B.7) that

1
167 — 6"l < 7——+/0dl" +21og(1/3) + VX
‘ -7
1
< ﬁ(3\/011/ +2¢/log(1/9)) + VdA
— 1 l
= 55,

Now take a uniform bound, with probability at least 1 — >°7°, 6/(21(1 + 1)) =1 —6/2, ||0* — @HEQ < B'/2 holds for all
I > 1, which finishes the proof. O
B.3. Proof of Lemma 6.3

Proof of Lemma 6.3. Focusing on one specific run of the ML-EVI algorithm, we use induction on w to prove that 1/(1—+) >
Qlu)(s, a) > Q*(s,a). Whenu =0,1/(1—7) = Ql(o)(s, a) > Q*(s,a), Vs, a.

Suppose the conclusion holds for u — 1. First recall that under the event & in Lemma 6.2, 8* € Band BNC! # @
for all ¢, [, so the special update rule in Line 8 is never called. Based on the update rule for V' in Line 3 of Algorithm 2,

V(=1 (s) = max, min; Ql(“fl) (s, a), which right hand side is clearly upper bounded by 1/(1 — ) and lower bounded by
max, Q*(s,a) = V*(s). Now combine this with the update rule of @ in Line 6, we see that

QY (s,0) = r(s,0) + 7 jmax (8. by (5.a))

= r(sa) [ VD)0, (508

> r(s,0) + /S VD ()07, (s'|s,a))ds’
> r(s,0) + /5 V*(s')(6°, b(s']s, a))ds’
= Q*(S’ a)7

where the second equation is based on the expression of ¢ given in Definition 3.1, and the last equation is the Bellman
equation for optimal value functions in (3.2), combined with P(s’|s, a) = (6*, ¢(s’|s, a)) from Definition 3.1.

On the other hand, for the lower bound, the definition of B in (3.4) tells us (0, ¢(-|s, a)) is a probability measure on S for
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arbitrary @ € B, so their exists such a probability measure P such that

(w) _ (u—1) (o ’ /
[ 0) = r(s.) +y e [ VO 0,655, )
=r(s,a) +’y/ P(s'|s,a)V D (s)ds’
s
= T(S’ a) + 7Es’~@(s’|s,a)V(U71)(3/) (B.8)
1
<lgy——
<l+y 11—+
1

1—7’
where in the inequality we used (s, a) < 1 and the proven conclusion V(=1 < 1/(1 — ) from the induction hypothesis.

Since @', V; are the returns of Algorithm 2 at time step ¢, we have that Q' (s, a) is the value function from the final iteration,
and so 1/(1 —7) > QL(s,a) > Q*(s, a); furthermore, from Line 12 of Algorithm 2, we have that 1/(1 — ) > V;(s) =
max, minj<;<z, Q4(s,a) > max, Q*(s,a) = V*(s). These are the desired results, and our proof is completed. O

B.4. Proof of Lemma 6.4

Proof of Lemma 6.4. Again focusing on one single run of ML-EVI, we first prove the following inequality:

max ’Ql(u)(s, a) — Ql(ufl)(s, a)’ <Avtvu e {1,2,...,U}, (B.9)
where in the maximization, the variables are taken from the following sets: s € S,a € A,and [ € {1,2,...,L}.

We use induction on u for the proof. For u = 1, since Ql(o) (s,a) = 1/(1—7), we have V() (s) = max,e 4 min; <<z, 1/(1—
v) = 1/(1 — ), and hence from (B.8) we see

QY (s,0) = 7(5,0) + 1B, 500100V ()

which leads to [Q\” (s,a) — Q" (s,a)| < |1/(1 —=~) = 7/(1 — )| = 1 forall s, a,L.
Now assume inequality (B.9) holds for u — 1. From the update rule of () in Line 6, we have
Qi(s.@) = r(s,0) + 7 jmax (8, by (5,0),

u—1 _
Q' (s,a) =r(s,a) + veé%%)%l<0, by -2 (s,a)).

We therefore obtain by subtracting the two equations that

’Qr(& a) - Q?71(87 a)| =7 emaX <67 d)V(u*l) (Sa a)) —  max <0a d)V(u*?) (Sa a)>

eBnC; 0EBNC,
< 7 gAX, (6, pyu-1)(5,0) — -2 (s, a))|

= y|[P(V) — V) (5, a)]
< ymax ‘ (V(“_l) — V(“_Q))(s)

) (B.10)

where as before, we denote P = <§ , v as the probability measure corresponding to 6, which attains the maximum in the
second line above.
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Next, the update rule for V' in Line 3 of Algorithm 2 suggests that

(u—1) (u—1)
Vi (s) = mgxlgllglLQ (s, a),

(u—2) 2)
Vv (s) = mgx1r<nll<n Ql (s,a).

Plugging these into (B.10), we get

(u) u—1) < —2)
’Qz (s,a) — Ql (s a)’ 'ymaxymaax I<1’lll<11 Ql (s,a) mgmxlgllgl Qz (s,a)|

u—1 u
< ymax[Q" "V (s,a) - Q" (s,0)|
S - 'YU_Q
=y
where we used the induction hypothesis in the third inequality.
Now consider the result of Algorithm 2 at time step ¢, namely Q! = QEU) and V; = V(). There again exists a probability
measure P = (0 @) to support the following:

Qi (51, a¢) = Qz(U)(St»at)

=7r(s¢,a¢) + v pax, (0, dyw-1)(se,ar))
l

)+ 'y]FIVDV(Ufl)(st a)
)+ [PVi(se, ) + VI = VO)(sy, a0)]
S, at) + WIPVt(st, az) + "y max ‘V(U D V(U)’(S)
)

)+ max (0, b, (51, a1)) +y max | maxmin Q=Y (s, a) — maxmin Q®(s, a)|
neC; ) seS a l a l

<7(st,ar) +v BUEY (0, 9v, (51, a1)) +ymax QU1 (s,a) — Q)(s,a)|
s,a,

ﬂ
D . . (. .Y
&
o

S r 8t7at) +’Veg;;ahx < 7¢Vt(8t7at)> +’YU3

where in the last inequality we implemented (B.9). This conludes our proof of this lemma. O

C. Proof of Lemmas in Appendix A
C.1. Proof of Lemma A.1

Proof of Lemma A.1. We use induction on time step t. When ¢ = 1, according to the initial values Ei = Al and bé =0,
the alternative expressions hold.

Suppose the conclusion holds for ¢. We compare the variables at time steps ¢ and ¢ 4 1 of Algorithm 1, respectively after the
execution of Line 7. According to the update rules in Lines 14 to 19, if [, = L; + 1 and thus L;,; = L; + 1, new dormant
levels forl = 4L, +Cy+1,...,4L; + Cy + 4 are created. By the rule specified in Line 16, we use the induction hypothesis
on (t,1) and (¢,4L; 4+ Cp), to see that for [ > 4L, + Cj, the additional variables 3 are

B A= %(EH — )
— (1/2)l—(4Lt+C0) (E?Lt-‘rCo _ )\I)

t—1
= QULAO)TIN (1, <ALy + Co)2r Wt D)y (51, ar) By, (s7,a.) "
=1
t—1

= Z 1(l, < l)2lT7l¢V7— (875 aT)qbVT (STvaT)T

=1

=3l I,
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where in the second to last equation we used the fact [, < L; + 1 < 4L, + C for arbitrary 7 < t. Similarly, for the new
variables b,

bl _ 1bl71
2
— (1/2)l7(4Lt+C0)b§Lt+CO
t—1
= QULFCITEN Y (1, <ALy + Co)2' 7t D)y (57, a,) Vi (5741)
T=1
t—1
= Z ]l(l‘r < l>2lT_l¢V.r (57'7 aT>VT(ST+1)
T=1
= b.

In other words, these variables for the newly created dormant levels are the same as the respective extended variables at time
step t, and so this update rule can be ignored since we are using the alternative expressions for 3! and bl for all ¢, [.

Now we go on to the update rules in Lines 20 to 23. For levels | < [, the two variables of interest do not change, hence

Efﬁ+1 = Ei
t—1
=AML+ > U1 <027y, (sr,a7) by, (s7,a,) "
T=1

t
= A+ Z]l(l‘r < Z)QlT_l¢VT (s‘raa'r)d)VT(S'raa'r)Tv

T=1
and
Il
bt+1 - bt

t—1

= )‘I + Z ]l(l‘f' S l)leilqur (57'5 aT)VT(ST+1)

T=1
t

= AL+ > (- <027y, (57, a7)Ve(sr41).

T=1
For levels | > [, a single term is added to the two variables respectively. Namely,

2i+1 = Ei + 2lt_l¢vt(st7a’t)¢‘/t (St7 at)—r
t—1

= A+ Z ]]'(ZT < l)2l77l¢V.,- (s'r» aT)¢V7— (S,,., a’T)T + Qltil(ﬁVt (stv a’t)d)Vt (Sta at)T

T=1

t
= AL+ Z 1, < l)2lril¢VT (sr,ar)dv, (s, a‘r)Ta

T=1

and that

bi—&-l = bl + 2" by, (s4,a1) Vi(s141)

t—1
= Z ]l(lT < l)2l7_1¢VT (57'7 aT)VT(ST+1) + 2lt_l¢Vf, (Sta at)VT(ST+1)
T=1
t
= ZI[(ZT < Z)QZT_lqbVT (ST)aT)VT(ST+1)'
T=1

These expressions suggest the conclusion holds for arbitrary I < 4L; + Cj at time step ¢. O



On the Sample Complexity of Learning Infinite-horizon Discounted Linear Kernel MDPs

C.2. Proof of Lemma A.2

Proof of Lemma A.2. 'We use induction on u for this proof. For u = 0, by the initialization rules Q(O) = (O) =1/(1—7),
Vi, €{1,2,...},lo €{1,...,4L; + Cy}, and hence v =vO = 1/(1—7).
Suppose the conclusions already hold for « — 1. Consider the conclusions of Lemma D.2, which states the confidence sets of

levels above 4L; + Cj trivially contain the entirety of B, or BNC; = B D BN Car,+c,- Then for any level [ > 4L, + Cy
and state-action pair (s, a), by the update rule for @) in Line 6 of Algorithm 2:

(u)(s a) =7(s,a) +~ max (6 ,(bv*(u_l)(s,a))

6ecBNC;
= T( S, ) + ’Yeg};ag(c < a(pV(“r—l) (57a)>
> 0, By (s,
>r(s,a) + veengin( s Oy -1 (8, a))

= Q7 e, (5.0).

Moreover, for any | < 4L, + Cj, we have

(u)(s a) =r(s,a)+~ IenBaxC< ,d)v*(ufl)(s,a»

=7r(s,a) +v max (0, dyw-1(s,a))

0cBNC;
= Qlu (S,Cl)

We now give the relation for the value functions V. For any state s, by the update rule in Line 3 of Algorithm 2,

(W) () _
Vit(s) = gleajfr}g{l@*(s a)

: : (u) (u)
= max min min s,a), min s, a
acA {1§l§4Lt+Co @i (s,0), 1>4L,+Co Q1 (s, >}
= max min min Ql(")(s, a), min l(u)(s, a)
acA 1<I<4L+Co I>4L+Co

: (u)
= Imax min S.a
a€A 1<I<AL,+Co Qi (s a)

=V®(s),

where we used the relations above in the third and fourth equations. This concludes the induction and our proof. O

C.3. Proof of Lemma A.3
Proof of Lemma A.3. Consider the definition in (3.4):
B:={0¢c R? : |82 < Vd and (¢(-|s, a),8) is a probability measure on S}.

We separate 3 into By N Bo, where By := {6 : ||0]|> < V/d} and By := {6 : (¢(:|s,a), 0) is a probability measure on S}.
Obviously B; is a convex body in R?. For By, consider the various constraints. For an arbitrary state-action pair (s, a),
(&(:]s,a), B) being a probability measure is equivalent to the following conditions:

(p(s']s,a),0) > 0,Vs" €8,
[ (01,0008 =1,
s’eS

The first constraint defines a closed half-space Hys o := {0 : (¢(s'|s,a),8) > 0} in R? for all states s’ € S, while the
second defines a hyperplane Py o := {0 : ([, s #(s'|s,a)ds’, ) = 1} in R%. With these notations, we can now write

- < N Hs’|s,a> N (QP‘;,LL)

s’,s,a
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Since the sets 7-[5/|S,a and P , are all closed convex sets, By being the intersection of these sets must also be closed and
convex, and finally so must the intersection of all the sets 5. Since 8* € B, this intersection is non-empty.

Now consider the affine subspace £ := {8* + A\(6; — 02) : 01,05 € B, A € R} of R? with dimension k, which is basically
the subspace passing through 8* and spanned by all the vectors insider 3. To see that £ is indeed an affine subspace of R,
we take k1, ko € L, where k1 = 0% + X1 (01 — 03) and ke = 0* + \2(03 — 0,4),0; € B, i = 1,2, 3,4. Then for any 11 € R,

nK1 + (1 — ,u)@ = 0" + ()\1#01 — )\1#02 + )\2(1 — ,U,)Og — )\2(1 — ILL)04)

= 0"+ (|\pl + D2(U = p)) - [(w'07 + (1 — p)03) — (/05 + (1 — 1')6))]
€L,

where 1/ = |A1p|/(|A1p] 4 [A2(1 — 1)), and we used the fact B is convex in the final relation.

By taking A = 1 and €, = 6" in the definition of B, it is clear that B C L. On the other hand, this subspace can be
generated by the vectors {6 — 0* : @ € B} starting from 6*. From this vector set, we select a basis for the subspace, namely
{6 —0*:i=1,...,k}, and denote 65 = 0*.

Now consider the simplex {3>F_, A;07 : \; > 0,Vi, Y1 A; = 1}, which, since it has k + 1 linearly independent vertices,
is k-dimensional with inner points when constrained to £. Furthermore, because B is convex and contains all its vertices,
this simplex must be a subset of B, so B itself has inner points when constrained to £. Combine this with the fact that 5 is
bounded, and so must 3 be, we have the conclusion that 5 is a convex body when constrained to L. O

D. Auxiliary Lemmas

We will give a few auxiliary lemmas in this section. The first is the well-known Azuma-Hoeffding inequality.

Lemma D.1. (Azuma-Hoeffding Inequality (Cesa-Bianchi & Lugosi, 2006)). Let {x;}?_; be a real-valued martingale
difference sequence with respect to the filtration {F;}?_;, which suggests E [:El |}'J = 0 and z; is F;1-measurable. Further
assume |z;| < K for some positive constant K. Then with probability at least 1 — §, we have

- / 1
’in <K 2nlog5.
i=1

This next lemma proves that the fictional confidence sets with levels greater than 4L, + Cj are trivial.

Lemma D.2. For time step ¢ and level [ > 4L; + Cj, we have Ci D B.

Proof of Lemma D.2. We first give an upper bound for the term k! when [ > 4L; + Cy. The definition of k! tells us
kb= S 1{l < iy2let =2l b ST {1 < gyl B = L=l Recall from Algorithm 1 that Co = 4[lg] + 6,
we go on to apply the conclusion of Lemma 6.1:
kL < 2B=t . 20d max{L,; 2%+ 720 1y}

=257 90(1 — )% max{L,;2%Lt, 152%0}

< 20(1 — )2 max{L,27 L+~ Jy23Li+20=Co}

< 20/64 - 270 max{L; 27 15270}

<5/16-(1—7)/Vd

<logl5-(1—~)/Vd,
where we used the definition for [y in Lemma 6.1 twice above, and used the trivial relation 2 > z for arbitrary real number
x in the third inequality.

Now we target the maximum eigenvalue of X! when [ > 4L; + Cj. Borrowing from the determinant upper bound (B.2)
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from the proof of Lemma 6.1, we have

det(X)
Amax(zi) S )\di_lt

(A + Mkf/d)?
< -~ 7
= A\a—1
= A1+ ki /d)"
< Aexp ki
< 1.5,

where in the first inequality we used the fact all eigenvalues of 3 are no less than ), and in the third inequality we used the
elementary inequality 1 + = < exp(z).

Next we upper bound the 2-norm of bl when | > 4L; + Cj. By the alternative expression in Lemma A.1:

t—1
il <> 101> 1)2 @, (57, ar)ll2 - [Vr(sr41)]
T=1

k! V1
T l-y 1y
<10g1.57
ST

where in the second inequality we used ||pv. (s, a,)||2 < v/d/(1 — =) from Definition 3.1 and V; (s,41) < 1/(1 — )
from Lemma 6.3.

Now for any 6 € B3, we substitute these two bounds in the following deductions:

16 — ()~ "billsr < [10]ls: + [[(ZF) ' bil|x:
= [|0]|x: + ||bi||(2:§)71

1
<012 - v/ Amax (L) + ||bé||2 : )\7(21)
min t

logl.s 1
<Vd-V15)+ C—
- -y VX

log 1.5
— VI5dr+ i’g_v

< B,

where in the second inequality we used the relation ||2[|% = 2722 < 27 [Anax(Z)I)z = ||2]|3 - Amax(X), and in the third
inequality we used ||0||2 < V/d for any @ € B. Thus when ! > 4L, 4+ Cy, 0 € C} for any 6 € 3, and hence B C C\. O

Finally, we list a few useful elementary inequalities and relations that were implemented in our proof of the main theory,
and gather them into one single lemma below.

Lemma D.3. The following conclusions hold:

1. Forn > 2 and integer L > 0, we have "1, n~'VI < VL + 1=t /(n — 1).

2. For any positive real numbers a, b and z, the inequality  — a\/z < b implies the inequality x < a? + 2b.

3. For a,b > 1, any real number = > log (a + by/2log(a + b)/log 2) / log 2 satisfies the equation 2° > a + by/z.
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Proof of Lemma D.3. For the first inequality:

) o) l
Zn*l\/i:anl(\FLJr Z (ﬁf\/ﬁ))
I=L I=L U'=L+1
—VEY e Y (VD) Y
I=L I'=L+1 1=l
77—L+1 o0 n—l’+1
=t T n—1
nfLJrl oo n—l’ﬂ
<VIT_ 4+ Y (VEF1-VI)
=t T n—1
,,77L+1 777[‘4'1
=VL +(VL+1-VL) 5
n—1 (n—1)

<VL+ 17" (n - 1),

where we swapped the order of summation in the second equation, used the fact that v/I — /7 — 1 is decreasing in [ in the
first inequality, and n — 1 > 1 in the last inequality.

For the second relation, suppose positive real numbers a, b, x satisfy x — ay/r < b. Formulating the left hand side to a
squared expression, we get (/= — a/2)? < a?/4 + b, and further /= < a/2 + /a2 /4 + b. This leads to

z < (a/2+ \/a2/4+b)2
a®>  a?
<2 —+—+0b
< <4+4+>
= a’ + 2b,

where we used the inequality (z + y)? < 2(z? + y?) in the inequality.

For the third relation, we first substitute zo := log (a + by/2log(a + b)/log 2) / log 2 into 2* — a — b/, and obtain

270 — g — by/xg = a + by/2log(a + b)/log2 — a — by/zgo
. log(a+b)?/log2 — xo
" log(a +b)2/log 2 + /7o
(a+b)*
a+by/2log(a+ b)/log 2

= G(a,b)log

/log2,

where we gathered everything besides the numerator in the second line into G(a, b) for the final equation. G(a,b) as a
function in a, b is evidently always positive. After this we can see a-+b+/21log(a + b)/log2 < a+b-/2(a + b) < (a+b)?
since a,b > 1, s0 2" — a — b\/zg > 0. Now we only need to prove for z > x¢, d(2* — a — by/z)/dxz > 0, which is
guaranteed since

d(2* —a — by/x) g2 27 b
dx 2\/x
> log2 - (2%° — by/z0)
> 0,

where we used the fact z > x¢ > log(1+1)/log2 = 1 and 21log 2 > 1 in the first inequality. This concludes our proof. [J



